Parallel manipulators are well known for their superior stiffness, higher accuracy, lower inertia and faster response compared to the serial counterparts and hence is widely used for high-speed machining and heavy load applications. However, controller limitations as well as design constraints can result in un-optimized designs causing unsettling residual vibrations at the end effector and limit their applications. Though many have discussed improving the structural design, augmenting with redundant sensors/ dampers and advanced feedback control methods for serial and mobile manipulators for vibration attenuations, very few investigated such techniques for parallel manipulators (PM). In this manuscript, we evaluate a specific type of feed-forward technique for planar PM. Lagrangian based dynamic models of platform manipulators and a simple trajectory level proportionalderivative control will be used with the gains tuned to force oscillations at the end effector to ensure stability. We will then demonstrate the applicability of basic input shapers for PM based on computation of natural frequencies and damping ratio for each mode, and resulting improvements in terms of appropriate performance measures.
INTRODUCTION
The ever increasing demands on accuracy and faster response confront control engineers with the mechanical limitations of modern industrial servo systems. The parasitic flexibilities in the structure of a robotic-system have to be taken into account when controlling a servo system for high precision applications. The presence of nonlinearities of the plant dynamics and multi-modal behaviors further complicate this scenario that necessitate design of robust controller parameters. In this context, many feed-forward methods have been studied in the past and time-delayed input shaping (IS) is one of the primitive and effective methods in this regard. These techniques are used to eliminate or suppress residual vibrations either to a open loop system or an existing feedback controlled system as long as these are stable or exhibit sustained oscillations. Though, originally developed for linear time invariant (LTI) systems such schemes have been successfully applied to a variety of (simple to complex) nonlinear systems including flexible manipulators, gantry cranes etc [1] .
The focus of this work is on the application of such IS controls for constrained articulated multi-body systems (AMBS), specifically, for parallel manipulators (PM). The method however relies on linearized dynamic models, and accurate estimation of dominant modes of the system thereby enabling us to utilize the vast literature on this subject. The rest of the manuscript is thus organized as follows: the next section discusses the past literature related to input shaping and dynamic modeling of parallel and constrained platform PMs. It is then followed by the math background, system definition with kinematic, dynamic and control implementation. Finally, a systematic validation and comparative analysis of IS controls of PMs is carried out using appropriate performance measures (such as percent residual vibrations and overshoot) prior to discussion on possible future work.
Literature Review
Singer and Seering [1] presented a simple, effective method that is now known as Impulse Input Shaping, which introduces a small time delay in a shaped reference trajectory. In short, the principle of input design, or IS, is to prevent the excitation of badly damped poles of a system by eliminating energy in the input signal at the specific frequencies corresponding to those poles. Impulse IS produces zero residual vibration (as defined in [2, 3] ) under ideal conditions by creating a set of impulses with appropriate timing and amplitude, and convolving these impulses with the original reference trajectory. This effectively leads to the filtering of the specific frequencies from the input signal. The convolution of an impulse sequence with a reference trajectory in general shapes the entire trajectory for minimal residual vibration, which is not necessary for point to point motion.
As mentioned earlier, IS is primarily employed for linear time invariant systems. It is beneficial especially when control performance requirements are not properly met in typical feedback control as well as open loop systems [4] . This can occur for various reasons including due to discrepancies between the simulated model and the actual system and due to contrasting design requirements indirectly imposed due to limitations on actuators and controllers. Therefore, IS designed for LTI systems are validated for robustness to such discrepancies, nonlinearities and errors. Such robust shapers would be capable of performing in presence of variations or uncertainties in the system parameters that translates to inaccurate models ad eventually to inaccurate estimation of natural frequencies. However, employing such methods for PM type nonlinear systems is a difficult proposition and will not be considered in this work.
Very few have only succeeded in applying this technique for trajectory tracking in PMs. Kozak et al [5] discuss a basic application of input shaping techniques for 2 DOF manipulators while the same had been applied for 3 DOF flexible linkage system in [6] . However, both these systems have prismatic actuators which simplify the system's kinematic and eventually the dynamic model. In this manuscript, it is therefore intended to demonstrate the applicability of IS methods to closed-loop planar platform manipulators (PPMs) with rotary (torque) actuators.
Math Background Kinematics
In order to solve the dynamic systems of equations of motions (EoMs), the position and velocity level kinematic equations of the system [7] are first derived. For a generic multi-link closed loop system as in Fig. 1 , the position of a central link or platform to which each of the arms attach to, is of interest (variable to be controlled).Vector loop closure technique is applied for j th chain as follows to obtain the Cartesian position of the platform center:
where, n i is number of links in i th chain (in this work, it is considered to be equal to n for all chains), m is number of chains, Eqn. (1) is a nonlinear set of equations that are usually difficult to solve for inverse kinematics in the case of PMs. For inverse kinematics, eqn.(1) will have to be solved for the configuration coordinates, {q ≡ q a T q p T T ∈ R N , q a T ∈ RÑ and q p T ∈ R N where,Ñ + N = N}, given the Cartesian position and orientation of the central link/ platform, X ∈ R M . In planar case, several nonlinear analytical formulations exist such as Freudenstein's or intersection of circles methods to determine the inverse kinematic solutions. Interested readers can refer [7] for a detailed discussion of these methods. On the contrary, given the complete joint configuration of such systems (LHS of eqn. (1)), forward kinematics to determine the platform configuration (RHS of eqn.(1)) should be straightforward, even for spatial complex systems, provided complete configuration is known (both passive and active joint angles).
Eqn. (1) is further used to derive the velocity level kinematic equations by differentiating w.r.t. t for each chain. This in turn yields Jacobian formulations of j th link and platform Jacobian matrices.V
where, H ≡ {H j } j=1...m ,V x ≡ platform end effector velocity and J j p ≡ link Jacobian matrices for each chain. Collecting the rows of J j p corresponding to the actuated joint variables, q a , the platform Jacobian matrix (J p ) can be obtained.
Finally, we intend to use augmented Lagrangian formulation to model our constrained AMBS in terms of extended joint coordinates. This is achieved by splitting up the PPM as in Fig. 1 into individual chains except for one chain (say for j = 1) to which the central platform is attached as the end link. Assuming all joints to be decomposed as 1-DOF joints, the final EoMs of the PPM having M DOF in task space are parameterized in terms of the joint coordinates augmented with platform attachment joint coordinates (say, havingM DOF). The extended joint coordinate vector now becomes, q = q T a , q T p where q p ∈ R N +M and therefore, q ∈ R N+M . So, by this approach we need N +M − M velocity level constraint equations to be augmented using Lagrange multipliers in the final dynamic EoMs. This is obtained as a velocity constraint matrix, B (q) from eqn. (1) for each chain and subsequently differentiating w.r.t t as follows:
Diff. eqn. (3) w.r.t t as follows:
where, B (q) ∈ R (N+M−M)×(N+M) will be used in Lagrangian EoMs as we will note in the later section. It is noted here that eqn. (3) is only one scheme of generating independent constraint equations and there are usually numerous ways to find the required number of constraints as long as those are linearly independent with each other.
Constrained Rigid Body Dynamics
Though several formulations exist for simulating constrained rigid AMBS -Lagrangian, virtual work, Newton-Euler method etc [7] , the constrained Lagrangian formulation is adopted in this work. A generalized partial differential equation to derive EoMs by this method is well-known as in eqn.(5).
Lagrangian of the whole system= difference of the sum total kinetic (T) and potential energy (V) of the individual components of the system,
Extended joint coordinates vector, i.e., q = [q] (4) With eqn. (5) derived for each q i of the extended joint coordinates, the final dynamic equations can be obtained after some manipulations in augmented Lagrangian form as follows:
where matrices M, N and G can be obtained by systematically extracting the coefficients of joint acceleration terms, other nonlinear quantities and gravity force terms from eqn. (5) . A detailed discussion on the augmented formulation of Lagrangian dynamics for 3 − RRR dynamic model can also be found in [8] .
Proportional-Derivative Control
Finally, the proportional derivative (PD) control for our system is implemented such that torque inputs are provided at the active joints in order to realize desired joint state trajectories, q des , while the current configuration states are given by, q curr . The overall actuator effort is given in terms of their respective gains and errors in joints and joint rates as:
where,
and
. The values of PD gains are tuned such that the system exhibits stable damped oscillations which is one of the requisites for IS control design. The objective here however is to optimize the design parameters for IS such that higher control gains can be used without excess overshoot and faster settling responses while keeping the actuator efforts below the saturation limits.
Frequency and damping ratio distribution
Studying the frequency characteristics of nonlinear systems and determining the poles for such systems are not straightforward, if not impossible. It is therefore necessary to linearize the eqn.(6) about the equilibrium point, q 0 in the extended configuration space, assuming the system lies in a horizontal plane (neglecting gravity terms) with negligible joint velocities and neglecting non-linear terms, N (q,q), to get:
Diff. eqn.(4) and linearizing about q 0 , we get:
where, ∆q, ∆q and ∆q are finite differences and their derivatives between the operating point and the actual point;
andM is the linearized mass matrix = M| q=q 0 . Combining eqns. (8) and (9), we get:
As it can be seen in eqn.(11), the linearized model becomes a multi-pole second order system using which the natural frequencies and damping ratios of the system could be determined. Depending on the nonlinearity of the system, these quantities tend to vary within the desirable work volume. At a given configuration, Laplace transform of the eqn.(11) yields the characteristic
Solving eqn.(12), the corresponding characteristic poles are obtained, from which natural frequencies and damping ratios for each pole can be calculated to design our input shapers.
Input Shaper (IS) Design
IS are normally characterized by their individual step amplitudes (A i ) and time instants (T i ) when these steps are to be applied. Analytical expressions of standard IS parameters for typical second order systems have been derived earlier [1] . Estimating system natural frequencies and damping ratios corresponding to the dominant poles (α i ± jβ i ) are the basis of such parameterizations. The standard IS parameters (A 1 , A 2 , t 1 , t 2 ) for a given dominant pole (α i ± jβ i ≡ ζ i ω i ±ω i 1 − ζ 2 i ) is given by:
where, ζ and ω are damping ratios and natural frequencies which are determined from the dominant pole. Also, note that the amplitudes, A i j , for i − th shaper in eqn.(13) are inherently normalized to one (∑ j A i j = 1, A i j ≥ 0, ∀ j&i). For multi-pole systems, the IS parameters are determined for each dominant pole and cascaded in series to progressively split a single step input into sequence of smaller step inputs and feed into the dynamic model of the system as in Fig. 2 . For multi-body systems considered in this work, these parameters will in turn end up as a function of current system states which increases the complexity of their design. This manuscript only discusses the design of single-pole and multi-pole input shapers for nonlinear multi-body systems. 
System Definition
In general, depending upon the values of N,Ñ, N and M, any AMBS system can be categorized into under-actuated (Ñ < M), kinematically redundant (N > M), fully-actuated (Ñ = M) and redundantly actuated systems(M > M). In this manuscript, we only consider fully actuated symmetric PPMs, namely 2 − RR manipulators (or a five bar mechanism with central point mass located at the point where the end effectors of both the arms meet) and 3 − RRR manipulator (commonly used in the literature for PPM) as shown in the Fig. 3 (a) & (b) respectively. The Rs in the names of the PMs stand for the revolute joints (in general, P stands for prismatic, C for cylindrical, U-universal and S for spherical joints) in each arm of the manipulator, while the underline indicates the actuated joint type. The word symmetric here implies that not only the number of links in each chain but also the joint arrangements for each chain of the PPM are similar. In addition, the PMs are assumed to operate in a horizontal plane so that the effects due to gravitational forces including the term, G (q) shall be neglected hereafter from eqn.(5). However, it is noted that the method can be generalized to any type of systems that violate these assumptions (including out-of-plane or spatial robots and redundant manipulators) as long as the underlying kinematic equations are solvable. Such systems will be considered as a part of our future work.
A complete list of symbols indicating geometric and dynamic parameters for the PPMs considered in this study are given in Table 1 . The generalized joint coordinates of these two systems are augmented with passive configuration (q p ) and platform orientation (Φ e ) variables, (i.e.) q = q T a , q T p , Φ e T . The active joints (q T a ≡ [θ i ] , i = 1 to m) of these systems are located at the base of each chain and the passive joints are given by, q p ≡ (φ i )
T , i = 1 to m . However, for PPM, Φ E is included into our passive configuration vector, q p as the central platform is considered as a passive link to one of the chains (refer Fig. 3(b) for 3 − RRR PM) and hence, a passive joint coordinate (Φ e ) is required to specify its configuration) as discussed earlier. The position and velocity level kinematic equations for each link have already been well studied in the literature and follows the approach explained in the earlier section. The final simplified matrices of dynamic formulation, especially, M(q), N(q,q), G(q) and B of both these systems were substituted in eqn.(11) to determine the dominant poles of the system and eventually, to estimate the natural frequencies and damping ratios of the system. The distributions of natural frequencies for the linearized dynamic model of 2 − RR and 3 − RRR systems are shown in Fig. 5 & 6 . The variations in damping ratios for both these cases are similar (while magnitudes are different however) to the corresponding natural frequencies and hence, only the frequency plots are shown here. In addition, for the 3 − RRR case, since the platform has 3-DOF, only zero-platform orientation variation of natural frequency is considered. These distributions will be used to design our input shapers for both these systems with feedback control. All the simulations and control implementations were carried out within MATLAB-Simulink. The resulting dynamic models of the 2 − RR and 3 − RRR manipulators were then simulated using a fixed step solver (ode3) with a step size of 1e − 4 seconds. A snapshot of the Simulink model that was developed based on our derived equations is shown in the Fig.4 . It comprises of a feedback PD controller with proportional and differential gain matrices, K P and K D respectively encapsulated within input control block.
RESULTS

Unshaped Response
IS enables one to only modulate the control inputs and does not affect or change the stability characteristics of the dynamic A series of input shapers can then be designed not only for position-level point-to-point (P2P) and multi-step (Mu-St) maneuvers but also for desirable task space velocity profiles. In the case of velocity-level control, the desired positional inputs are obtained by integrating the velocity profiles (for example, integral of unit step is unit ramp) and the input shaping coefficients remain the same as earlier but now acts on the integrated input (ramp in this case) of the system. Though extensive set of case studies were tested and analyzed, only a subset of these are discussed here to understand the resulting benefits. In this work, we only demonstrate the P2P and Mu-St trajectory tracking case studies and validate using the dynamic models of the two PPMs.
2-RR Manipulator
Specifically, for the 2 − RR manipulators, the following set of desired trajectories were used and the corresponding input shaper controls were examined. Since the start and end states of system are well defined for P2P maneuvers, that information could be used to design input shapers offline. Using eqns.12 and 13, the input shaper parameters can be obtained analytically. However, the values obtained by this method is limited in the sense that we use the linearized model to determine the dominant poles of the system, nonetheless this satisfies our needs in this work. Therefore, the operating point within the manipulator's workspace that is used to determine the natural frequency is critical in this regard. The following list indicates different trajectory testing case-studies carried out. For the case studies, we evaluated the IS performance by computing the system frequencies at start-, end-and middlepoints of the trajectory. Figures 7 and 8 show the system response and control inputs after shaping only using the meanvalue shaper (i.e. shaper parameters obtained using the centerpoint of the task-space trajectory of the end-effector platform). The symbols in the legend (UnR, Sh, Sl, Multi) of both these figures correspond to (unshaped, high-frequency mode compensated, low frequency mode compensated and multi mode compensated responses) of the system respectively. The model responses were recorded for each test trajectory and each inputshaping type (high, low and multi mode compensated). It can be clearly seen for this specific case that the damped oscillations in the system are suppressed compared to the unshaped response resulting in desirable characteristics (reduced overshoot, faster settling time and reduced torque magnitudes) for the platform. The trajectories used in general lie in different regions of the workspace and enables to understand the feasibility of our method for manipulators describing local motions (length of each trajectory is considered to be small) around distant points in the workspace.
The test trajectory, C, however, traverses a larger step compared to the previous two test trajectories. Implementing standard IS control leads to undesirable oscillations with in fact exhibiting worse performance than the unshaped responses. In order to extend the IS to such trajectories, we implement Mu-St based IS control. This is obtianed by compounding the single P2P maneuver to multiple close-spaced P2P trajectories (Traj . The system response for this case was evaluated for the 2nd half of the shaped input only based on the MVS to the system and the corresponding values for the performance measures were tabulated.
3-RRR Manipulator
Similar to earlier case, 3 − RRR simulation models were used for a series of test trajectories-out of which, the results of only two sets are presented in Tab.3 for simplicity. Due to increase in number of revolute joints the dynamic EoMs end up being highly nonlinear than the 2 − RR manipulator and hence, designing IS control for these systems are more challenging and restrictive. Nonetheless, improvements can be achieved by choosing the appropriate operating points and multi-level steps in terms of vibration suppression. Following are the list of case 
Evaluation of Input Shaper Design
To evaluate the performance improvement of IS for P2P trajectory maneuverable problems in comparison to unshaped responses, some standard metrics such as percent residual vibration (PRV ), settling time (T s ) and maximum overshoot (M p ) can be considered as long as the system is linear. Kozak et al. [9] studied in greater detail about different performance measures to characterize residual vibrations observed in shaped and unshaped responses of primarily linear systems. Since the systems considered in this work are nonlinear, multi DOF and multi-modal, we restricted to the use of three primary measures due to their physical significance and applicability: fixed and zero times-based maximum overshoot in position M p (t s ) respectively, settling time (T s ) and percent residual energy (PRE). For our systems, PRE will be calculated as, ∑Ñ i=1 τ iθi 2 which is an estimate of the kinetic energy of the system as potential energy is zero at the corresponding settling time for each control mode. In contrast to [9] , the use of M p especially on torque inputs is emphasized in our work as these directly determine the maximum actuator capacities. In other words, it implies that IS can help overcome the physical constraints on maximum actuator limits while at the same time providing desirable stability and vibration suppression characteristics. It can also be easily observed from the response plots of our case studies that M τ i p (t s ) and M p (t = 0) turn out to be a more conservative estimate than the percentage ratios of shaped and unshaped input torque overshoots. At the same time, this may not be true at all the points in the workspace, which necessitates use of a variety of performance measures than to rely on one.
The Tables 2 and 3 summarize the response characteristics of IS with both the PPMs based on the aforementioned performance measures. From this tabulation, it can be inferred that though vibration suppression is always guaranteed by the IS, guaranteeing the same w.r.t. actuator inputs require a more detailed analysis which will be a part of our future work (for example, compare the results for MVS(B) with those for MVS(A)). This limitation is mainly due to the underlying system complexities (nonlinear, multimodal and multi-DOF) which in turn, compromises the trajectory tracking capability. It is therefore preferable to consider energy based measures, such as percent residual energy (PRE), that can capture the nonlinear vibration suppression effects in a more generalized manner.
Based on these performance measures, the mean value shapers seem to perform better compared to initial or final point shapers and at the same time, eliminating low or dominant frequency modes result in maximum suppression of vibrations, which are as expected. For the case of 2 − RR manipulator, it can be seen from Fig. 8 that by properly selecting the operating points on the workspace, typically center-points of a desired trajectory, to compute shaper parameters can help minimize the residual vibrations without compromising on accuracy, in contrast to the 3 − RRR manipulators that will require a more extensive analysis to compute optimal shaper parameters.
DISCUSSION
This manuscript demonstrated the applicability and viability of IS techniques to nonlinear rigid multibody systems such as fully actuated symmetric 2 − RR and 3 − RRR PPMs. Though, a linearized model is used to estimate natural frequencies, it was observed that even with such approximation models, this technique has been confirmed to provide reliable results while simulating for the original nonlinear plant. For the parallel manipulators with prismatic actuators, the dynamic EoMs are not affected by high nonlinearities and hence, traditional methods of IS were
